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T-STRUCTURES ON THE DERIVED CATEGORIES OF HOLONOMIC
D-MODULES AND COHERENT O-MODULES
MASAKI KASHIWARA
Dedicated to Boris Feigin on his fiftieth birthday
Abstract. We give the description of the t-structure on the derived category of regular
holonomic D-modules corresponding to the trivial t-structure on the derived category of
constructible sheaves via Riemann-Hilbert correspondence. We give also the condition
for a decreasing sequence of families of supports to give a t-structure on the derived
category of coherent O-modules.
1. introduction
It was one of the motivations of the introduction of the notions of t-structures and per-
verse sheaves by A. Beilinson, J. Bernstein, P. Deligne and O. Gabber ([1]) to ask what are
the objects corresponding to regular holonomic DX-modules by the Riemann-Hilbert cor-
respondence ([4]) RHomDX (−,OX) : D
b
rh(DX)
∼
−→Dbc (CX)
op. Here X is a complex man-
ifold, Dbc (CX)
op is the opposite category of the derived category Dbc (CX) of bounded
complexes of sheaves on X with constructible cohomologies, and Dbrh(DX) is the derived
category of bounded complexes of DX -modules with regular holonomic cohomologies.
With the notion of t-structures, the answer is: the t-structure of the middle perversity on
Dbc (CX) corresponds to the trivial t-structure on D
b
rh(DX).
The purpose of this paper is to answer the converse question: what is the t-structure
on Dbrh(DX) corresponding to the trivial t-structure on D
b
c (CX). In fact, this t-structure
can be extended to a t-structure on the derived category Dbqc(DX) of bounded complexes
of DX -modules with quasi-coherent cohomologies. In this paper, we treat an algebraic
case, i.e. when X is a smooth algebraic variety. In this case, the corresponding t-structure
(SD60qc (DX),
SD>0qc (DX)) is given as follows.
SD60qc (DX) =
{
M ∈ Dbqc(DX) ; codimSupp(H
n(M )) > n for every n > 0
}
,
SD>0qc (DX) =
{
M ∈ Dbqc(DX) ;
H kZ (M ) = 0 for any closed subset Z and
k < codimZ
}
.
Similar results hold for a complex analytic manifold X .
More general results are given in this paper. For a left Noetherian OX-ring A quasi-
coherent over OX and a decreasing sequence of families of supports Φ = {Φn}n∈Z, the
pair
ΦD60qc (A ) : =
{
M ∈ Dbqc(A ) ; Supp(H
k(M)) ⊂ Φk for any k
}
,
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ΦD>0qc (A ) : =
{
M ∈ Dbqc(A ) ; H
k
Φn(M) = 0 if k < n
}
gives a t-structure on Dbqc(A ) (Theorem 3.5). This construction is similar to the one of
the perverse sheaves. The t-structure (SD60qc (DX),
SD>0qc (DX)) corresponds to the case
where A = DX and Φ = S, where Sk is the family of supports consisting of closed
subsets with codimension > k.
However, this t-structure does not always induce a t-structure on Dbcoh(OX), the derived
category of complexes of OX-modules with coherent cohomologies. We give the necessary
and sufficient condition for Φ to give a t-structure on Dbcoh(OX) (Theorem 5.9).
1 This
condition resembles the one for perversity.
The paper is organized as follows. In §2, we briefly review the notion of t-structures.
In §3, we introduce the t-structure (ΦD60qc (A ),
ΦD>0qc (A )) on the triangulated category
Dbqc(A ), and studies its properties.
In §4, we study the t-structure on the derived category Dbcoh(OX) which corresponds to
the standard t-structure on Dbcoh(OX) by the duality functor RHomOX (−,OX). We also
give the relation between this t-structure and flatness (Proposition 4.6).
In §5, we give the condition for a decreasing sequence of families of supports to give a
t-structure on Dbcoh(OX) (Theorem 5.9). This is a generalization of [6, Exercise X.2].
In §6, we study the t-structure on Dbqc(DX).
In the last section, we give a proof of the stability of injectivity under filtrant inductive
limits (Lemma 3.1).
While writing this paper, the author received the preprint [8] by A. Yekutieli and James
J. Zhang, where they proposed similar t-structures.
2. t-structure
In this section, we recall the notion of t-structures. For details, see [1, 6]. LetD be a tri-
angulated category. LetD60 andD>0 be full subcategories ofD. We setD6n : =D60[−n]
and D>n : =D>0[−n]. We also use the notations: D<n : =D6n−1 and D>n : =D>n+1. The
pair (D60,D>0) is called a t-structure on D if it satisfies the following conditions:
D<0 ⊂ D60 and D>0 ⊂ D>0,(2.1a)
HomD(X, Y ) = 0 for X ∈ D
<0 and Y ∈ D>0,(2.1b)
For any X ∈ D, there exists a distinguished triangle X ′ → X → X ′′
+1
−−→
with X ′ ∈ D<0 and X ′′ ∈ D>0.
(2.1c)
Then one has
For a distinguished triangle X ′ → X → X ′′
+1
−−→, if X ′ and X ′′ belong
to D60 (resp. D>0), then so does X .
(2.1d)
Note that the t-structure is a self-dual notion: if (D60,D>0) is a t-structure on a trian-
gulated category D, then ((D>0)op, (D60)op) is a t-structure on the opposite triangulated
category Dop.
1After writing this paper, the author was informed the existence of the paper “Perverse
coherent sheaves (after Deligne)”, math.AG/0005152 by Roman Bezrukavnikov, in which
it is proved in a more general setting that the condition for Φ to give a t-structure on
Dbcoh(OX) is sufficient.
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In the paper, we use the following results.
Lemma 2.1. Let D be a triangulated category, and assume that (D60,D>0) satisfies
(2.1d). Let M1 → M → M2
+1
−−→ be a distinguished triangle. If one of the following
conditions (i) and (ii) is satisfied, then there exists a distinguished triangle M ′ → M →
M ′′
+1
−−→ with M ′ ∈ D<0 and M ′′ ∈ D>0.
(i) M1 ∈ D
<0 and there exists a distinguished triangle M ′2 → M2 → M
′′
2
+1
−−→ with
M ′2 ∈ D
<0 and M ′′2 ∈ D
>0.
(ii) M2 ∈ D
>0 and there exists a distinguished triangle M ′1 → M1 → M
′′
1
+1
−−→ with
M ′1 ∈ D
<0 and M ′′1 ∈ D
>0.
Proof. Assume the condition (i). By the octahedral axiom,
M ′
!!C
CC
CC
CC
C











M1
=={{{{{{{{

M ′2+1oo
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









M
!!C
CC
CC
CC
C
// M ′′2
+1
OO
+1,,,,,,,,,,
VV,,,,,,,,,,,
M2
=={{{{{{{{
+1,,,,,,,,,,,
VV,,,,,,,,,,,
one has distinguished triangles M1 → M
′ → M ′2
+1
−−→ and M ′ → M → M ′′2
+1
−−→. Hence
M ′ ∈ D<0 by (2.1d).
The condition (ii) is the dual form of (i). 
The following lemma is almost obvious.
Lemma 2.2. Let F : D → D′ be an equivalence of triangulated categories. Let (D60,D>0)
be a t-structure on D, and let (D′60,D′>0) be a pair of full subcategories of D′ satisfying
(2.1a) and (2.1b). If F sends D60 to D′60 and D>0 to D′>0, then (D′60,D′>0) is a
t-structure on D′.
Let D′ be another triangulated category, and let (D60,D>0) and (D′60,D′>0) be a
t-structure on D and D′, respectively. A functor F : D → D′ of triangulated categories
is called left exact if F sends D>0 to D′>0. It is called right exact if it sends D60 to D′60.
It is called exact if it is left exact and right exact.
3. t-structures on a Noetherian scheme
Let X be a finite-dimensional Noetherian separated scheme. Let A be an OX-ring, i.e.
a (not necessarily commutative) ring on X with a ring morphism OX → A . We assume
that A is quasi-coherent as a left OX-module, and that A is left Noetherian (e.g. see
[5, Definition A.7]). Under the first assumption, the second is equivalent to saying that
A (U) is a left Noetherian ring for any affine open subset U .
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Let Mod(A ) be the category of (left) A -modules, and Modqc(A ) (resp. Modcoh(A )) its
full subcategory of quasi-coherent (resp. coherent) A -modules. Note that an A -module
is quasi-coherent over A if and only if it is quasi-coherent over OX .
One has the following lemma whose proof is given in the last section 7.
Lemma 3.1. Any filtrant inductive limit of injective objects of Mod(A ) is injective.
Let D(A ) be the derived category of Mod(A ), and let Db(A ) be the full subcategory of
D(A ) consisting of objects with bounded cohomologies. Let Dbqc(A ) (resp. D
b
coh(A )) be
the full subcategory of Db(A ) consisting of objects with quasi-coherent (resp. coherent)
cohomologies. We define
D6n(A ) : =
{
M ∈ Db(A ) ; Hk(M) = 0 for k > n
}
,
D>n(A ) : =
{
M ∈ Db(A ) ; Hk(M) = 0 for k < n
}
and similarly D6nqc (A ), D
6n
coh(A ), etc. We call the t-structure (D
60(A ),D>0(A )) the
standard t-structure. Let us denote by τ6n : Db(A ) → D6n(A ) and τ>n : Db(A ) →
D>n(A ) the truncation functors with respect to the standard t-structure.
In this section, we shall give t-structures on Db(A ) and Dbqc(A ).
In this paper, a family of supports means a set Φ of closed subsets of X satisfying the
following conditions:
(i) If Z ∈ Φ and Z ′ is a closed subset of Z, then Z ′ ∈ Φ.
(ii) For Z, Z ′ ∈ Φ, the union Z ∪ Z ′ belongs to Φ.
(iii) Φ contains the empty set.
Then the set of families of supports has the structure of an ordered set by inclusion.
The join of families of supports Φ1 and Φ2 is as follows:
Φ1 ∪ Φ2 =
{
Z ;
Z is a closed subset such that Z ⊂ Z1 ∪ Z2
for some Z1 ∈ Φ1 and some Z2 ∈ Φ2
}
=
{
Z ;
Z is a closed subset such that Z = Z1 ∪ Z2
for some Z1 ∈ Φ1 and some Z2 ∈ Φ2
}
.
Note that an irreducible closed subset Z is a member of Φ1 ∪ Φ2 if and only if one has
either Z ∈ Φ1 or Z ∈ Φ2. Their meet is given by
Φ1 ∩ Φ2 = {Z ; Z ∈ Φ1 and Z ∈ Φ2} .
We sometimes regard a closed subset S of X as the family of supports consisting of
closed subsets of S. Hence for a closed subset S and a family of supports Φ, one has
Φ ∩ S = {Z ∈ Φ ; Z ⊂ S}, and Φ ∪ S is the the family of supports consisting of closed
subsets Z such that Z \ S ∈ Φ.
For a sheaf F , one sets ΓΦ(F ) = lim−→
Z∈Φ
ΓZ(F ). Then one has
Γ(U ; ΓΦ(F )) =
{
s ∈ F (U) ; supp(s) ∈ Φ
}
for any open subset U ,
because X is Noetherian. Then ΓΦ is a left exact functor from Mod(A ) to itself, and
also it sends Modqc(A ) to itself. It commutes with filtrant inductive limits. It is well-
known that ΓZ sends injective objects of Mod(A ) to injective objects. Hence, by Lemma
3.1, the functor ΓΦ also sends injective objects of Mod(A ) to injective objects. Let
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RΓΦ : D
b(A ) → Db(A ) be the right derived functor of ΓΦ. Similarly, we can define
RΓΦ : D
b(ZX)→ D
b(ZX), where D
b(ZX) is the derived category of bounded complexes of
ZX -modules. The functors RΓΦ commutes with the forgetful functor D
b(A )→ Db(ZX).
ForM ∈ Db(A ), let Supp(M) denote the family of supports consisting of closed subsets
Z such that Z ⊂
⋃n
i=1 supp(si) for open subsets Ui, integers ni and si ∈ H
ni(M)(Ui).
Hence, Supp(M) ⊂ Φ is equivalent to saying that RΓΦ(M)
∼
−→M .
One sets H nΦ (M) : =H
n(RΓΦ(M)). One has H nΦ (M) ≃ lim−→
Z∈Φ
H nZ (M) for any M ∈
Db(A ) and any integer n.
For any M ∈ Dbqc(A ), one has an isomorphism ([3])
H nΦ (M) ≃ lim−→
I
E xtnOX (OX/I,M)(3.1)
as OX-modules. Here the inductive limit is taken over coherent ideals I of OX such that
Supp(OX/I) ∈ Φ. Since an A -module is quasi-coherent if and only if it is quasi-coherent
over OX , the functor RΓΦ induces a functor
RΓΦ : D
b
qc(A )→ D
b
qc(A ).
Remark 3.2. Although one neither gives a proof nor uses it in this paper, one has
H nΦ (M) ≃ lim−→
I
E xtnA (A /A I,M). Here the inductive limit is taken over I as above.
Hence an injective object of Modqc(A ) is a flabby sheaf (see Remark 7.4).
The following lemma is obvious.
Lemma 3.3. (i) For families of supports Φ and Φ′, one has RΓΦ ◦ RΓΦ′ = RΓΦ∩Φ′.
(ii) For M , K ∈ Db(A ) with Supp(M) ⊂ Φ, one has
HomDb(A )(M,RΓΦK)
∼
−→HomDb(A )(M,K)
and E xtnA (M,RΓΦK)
∼
−→E xtnA (M,K) for every n.
(iii) If M ∈ D>n(A ), then RΓΦ(M) ∈ D>n(A ) and Hn(RΓΦ(M)) = ΓΦ(Hn(M)).
(iv) For a locally closed subset Z of X and a family Φ of supports, one has
RΓZ ◦ RΓΦ ≃ RΓΦ ◦ RΓZ .
(v) For an open embedding j : U →֒ X, one has Rj∗ ◦ RΓΦ|U ≃ RΓΦ ◦ Rj∗. Here Φ|U
is the family of supports on U given by
Φ|U : =
{
Z ; Z is a closed subset of U such that Z ∈ Φ
}
= {Z ∩ U ; Z ∈ Φ} .
Lemma 3.4. Let M ∈ Db(A ) and n an integer, and let Φ and Ψ be families of supports.
(i) If Ψ ⊂ Φ and RΓΦ(M) ∈ D
>n(A ), then RΓΨ(M) ∈ D>n(A ).
(ii) RΓΦ(M) ∈ D
>n(A ) if and only if RΓZ(M) ∈ D>n(A ) for every Z ∈ Φ.
(iii) If RΓΦ(M), RΓΨ(M) ∈ D
>n(A ), then RΓΦ∪Ψ(M) ∈ D>n(A ).
(iv) If H k
{x}
(M)x = 0 for any k < n and any x such that {x} ∈ Φ, then RΓΦ(M) ∈
D>n(A ).
Proof. (i) follows immediately from RΓΨ(M) ≃ RΓΨRΓΦ(M), and (ii) follows from (i)
and H kΦ (M) ≃ lim−→
Z∈Φ
H kZ (M).
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Let us show (iii). By (i) and (ii), it is enough to show that RΓZ1∪Z2(M) ∈ D
>n(A ) for
closed subsets Z1 and Z2 such that RΓZ1(M), RΓZ2(M) ∈ D
>n(A ). Since one has
τ<nRΓZ1∪Z2(M)|X\Z1 ≃ τ
<nRΓZ2(M)|X\Z1 = 0,
the support of τ<nRΓZ1∪Z2(M)) is contained in Z1. In the distinguished triangle
RΓZ1
(
τ<nRΓZ1∪Z2(M)
)
→ RΓZ1RΓZ1∪Z2(M)→ RΓZ1
(
τ>nRΓZ1∪Z2(M)
)
,
the second term is isomorphic to RΓZ1(M) which belongs to D
>n(A ), and the last term
also belongs to D>n(A ). Hence the first term, isomorphic to τ<nRΓZ1∪Z2(M), belongs to
D>n(A ), and therefore it vanishes.
(iv) By the induction on n, one may assume that RΓΦ(M) ∈ D
>n−1(A ). For an open
set U and s ∈ Γ(U ;H n−1Φ (M)), set S : = supp(s). Let us show that S = ∅. Otherwise,
let us take the generic point x of an irreducible component of S. Then one has {x} ∈ Φ.
Since ΓS
(
H n−1Φ (M)
)
= H n−1S (M) and H
n−1
S (M)x = H
n−1
{x}
(M)x, the germ of s at x
must vanish, which is a contradiction. 
A support datum is a decreasing sequence Φ :={Φn}n∈Z of families of supports satisfying
the following conditions:
for n≪ 0, Φn is the set of all closed subsets of X ,(3.2a)
for n≫ 0, Φn is {∅}.(3.2b)
For a support datum Φ and an integer n, let σ6nΦ denote the support datum given by
(σ6nΦ)k =
{
Φk for k 6 n,
{∅} for k > n.
Let T denote the support datum given by
T
n =
{
{all closed subsets of X} for n 6 0,
{∅} for n > 0.
For a support datum Φ = {Φn}n∈Z, we set
ΦD6n(A ) : =
{
M ∈ Db(A ) ; Supp(Hk(M)) ⊂ Φk−n for any k
}
,
ΦD>n(A ) : =
{
M ∈ Dbqc(A ) ; RΓΦk(M) ∈ D
>k+n(A ) for any k
}
,
(3.3)
and ΦD6nqc (A ) : =
ΦD6n(A ) ∩ Dbqc(A ),
ΦD>nqc (A ) : =
ΦD>n(A ) ∩Dbqc(A ).
Theorem 3.5. ΦDb(A ) : =(ΦD60(A ), ΦD>0(A )) and ΦDbqc(A ) : =(
ΦD60qc (A ),
ΦD>0qc (A ))
are a t-structure on Db(A ) and Dbqc(A ), respectively.
Note that TDb(A ) is the standard t-structure.
Since the proof for ΦDbqc(A ) is similar, we only give a proof for
ΦDb(A ). We divide the
proof of the theorem into several steps. It is evident that ΦDb(A ) satisfies the conditions
(2.1a) and (2.1d). Let us show that it satisfies (2.1b).
Lemma 3.6. For M ∈ ΦD<0(A ) and K ∈ ΦD>0(A ), one has
HomDb(A )(M,K) = 0 and E xt
n
A (M,K) = 0 for n 6 0.
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Proof. We shall show
(3.4)n HomDb(A )(M,K) = 0 for M ∈
ΦD<0(A ) ∩ D6n(A ) and K ∈ ΦD>0(A )
by the induction on n. Since ΦD>0(A ) ⊂ D>n(A ) for n ≪ 0, (3.4)n is satisfied for
n ≪ 0. Assuming (3.4)n−1, let us show (3.4)n. One has Supp(H
n(M)[−n]) ⊂ Φn+1,
Hn(M)[−n] ∈ D6n(A ) and RΓΦn+1K ∈ D
>n(A ). Hence one has
HomDb(A )(H
n(M)[−n], K) ≃ HomDb(A )(H
n(M)[−n],RΓΦn+1(K)) = 0.
The distinguished triangle τ<nM →M → Hn(M)[−n]
+1
−−→ induces an exact sequence
HomDb(A )(H
n(M)[−n], K)→ HomDb(A )(M,K)→ HomDb(A )(τ
<nM,K).
Since HomDb(A )(τ
<nM,K) = 0 by (3.4)n−1, we obtain HomDb(A )(M,K) = 0.
The proof of the second statement is similar. 
Hence, it remains to prove the following statement for any M ∈ Db(A ):
There exists a distinguished triangleM ′ → M → M ′′
+1
−−→ withM ′ ∈ ΦD<0(A )
and M ′′ ∈ ΦD>0(A ).
(3.4)
Proof of (3.4). For n ∈ Z, let us consider the following statement:
(3.4)n
The property (3.4) holds if M ∈ Db(A ) satisfies RΓΦi(M) ∈ D
>i(A ) for any
i 6 n, i.e. if M ∈ σ
6nΦD>0(A ).
Since every M ∈ Db(A ) satisfies RΓΦi(M) ∈ D
>i(A ) for i ≪ 0, it is enough to show
(3.4)n for every n. We shall show (3.4)n by the descending induction on n. Note that
(3.4)n holds for sufficiently large n such that Φ
n+1 = {∅}, because such an M satisfies
M ∈ ΦD>0(A ).
We shall prove (3.4)n by assuming (3.4)n+1. Suppose that M ∈ D
b(A ) satisfies
RΓΦi(M) ∈ D
>i(A ) for any i 6 n. Let us consider a distinguished triangle
τ6nRΓΦn+1(M)→M →M
′′ +1−−→ .
Since RΓΦn+1(M) = RΓΦn+1RΓΦn(M), one has RΓΦn+1(M) ∈ D
>n(A ) and
H nΦn+1(M) ≃ ΓΦn+1(H
n
Φn(M)).(3.5)
Moreover one has
Supp(H i(τ6nRΓΦn+1(M))) =
{
∅ for i 6= n,
⊂ Φn+1 for i = n,
One concludes therefore that τ6nRΓΦn+1(M) ∈
ΦD<0(A ). If one shows
RΓΦi(M
′′) ∈ D>i(A ) for any i 6 n+ 1,(3.6)
then we can apply (3.4)n+1 to M
′′ and (3.4) is satisfied for M ′′. Hence Lemma 2.1 implies
that (3.4) is satisfied for M .
It remains to prove (3.6), i.e. Hk(RΓΦi(M
′′)) = 0 for k < i 6 n+ 1. For i 6 n + 1 one
has RΓΦi(τ
6nRΓΦn+1(M)) = τ
6nRΓΦn+1(M). Hence we have a long exact sequence
Hk(τ6nRΓΦn+1(M))
ξ
−→ Hk(RΓΦi(M))→ H
k(RΓΦi(M
′′))→
→ Hk+1(τ6nRΓΦn+1(M))
η
−→ Hk+1(RΓΦi(M)) .
Hence it is enough to show that ξ is surjective and η is injective for k < i 6 n+ 1.
For k < i = n+ 1, ξ is an isomorphism, and for k < i 6 n one has Hk(RΓΦi(M)) = 0.
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The morphism η is injective for i = n + 1, and also for k = n− 1 < i = n by (3.5). In
the remaining case k < n− 1, one has Hk+1(τ6nRΓΦn+1(M)) = 0. 
This t-structure behaves as follows under the local cohomology functors and the direct
image functors.
Lemma 3.7. (i) For a locally closed subset Z of X, the functor RΓZ : D
b
qc(A ) →
Dbqc(A ) is left exact, i.e. it sends
ΦD>0qc (A ) to itself.
(ii) Let j : U →֒ X be an open set of X. Then j−1 : Dbqc(A )→ D
b
qc(A |U) is exact, and
Rj∗ : D
b
qc(A |U)→ D
b
qc(A ) is left exact.
Proof. (i) follows immediately from RΓΦnRΓZ(M) = RΓZRΓΦn(M), which is a conse-
quence of Lemma 3.3 (iii), and (ii) follows from RΓΦnRj∗(M) = Rj∗RΓΦn(M). 
Proposition 3.8. For an open subset U of X, let Cqc(U) be the heart Φ|UD60qc (A |U) ∩
Φ|UD60qc (A |U) of the t-structure
Φ|UDbqc(A |U). Then, U 7→ Cqc(U) is a stack on X.
Proof. SinceX is Noetherian, it is enough to show that, for open sets U1, U2 withX = U1∪
U2, M12 ∈ Cqc(U1∩U2) and Mi ∈ Cqc(Ui) with an isomorphism ϕi : Mi|U1∩U2
∼
−→M12|U1∩U2
(i = 1, 2), there exist M ∈ Cqc(X) and isomorphisms ψi : M |Ui
∼
−→Mi (i = 1, 2) such that
the following diagram commutes.
M |U1∩U2
ψ1
−−−→ M1|U1∩U2yψ2
yϕ1
M2|U1∩U2
ϕ2
−−−→ M12
Let ji : Ui →֒ X (i = 1, 2) and j12 : U1 ∩ U2 →֒ X be the open embeddings, and let
M
ψ1⊕ψ2
−−−−→ Rj1 ∗M1 ⊕ Rj2 ∗M2
−ϕ1⊕ϕ2
−−−−−→ Rj12 ∗M12
+1
−−−→
be a distinguished triangle. Since Rj2 ∗M2|U1 → Rj12 ∗M12|U1 is an isomorphism, M |U1 →
Rj1 ∗M1|U1 ≃M1 is an isomorphism. The commutativity of the diagram above is obvious
by the construction. 
Let us remark that
(
ΦD60qc (A ) ∩ D
b
coh(A ),
ΦD>0qc (A ) ∩ D
b
coh(A )
)
is not necessarily a
t-structure on Dbcoh(A ) (see Example 5.1 and Example 6.1). In the coherent case, the
proof of Theorem 3.5 fails, because RΓΦ does not respect coherency.
4. The dual standard t-structure on Dbcoh(OX)
In the sequel, we assume that X is a finite-dimensional regular Noetherian separated
scheme. Let us denote by S the support datum given by
S
d : = {Z ; Z is a closed subset of X such that codimZ > d}
= {Z ; Z is a closed subset of X such that dimOX,x > d for any x ∈ Z} .
(4.1)
One has
SD60qc (A ) : =
{
M ∈ Dbqc(A ) ; Supp(H
n(M)) ⊂ Sn for every n > 0
}
,
SD>0qc (A ) : =
{
M ∈ D>0qc (A ) ;
H nZ (M) = 0 for any closed subset Z
and n < codimZ
}
.
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Proposition 4.1. Let Z be a locally closed subset of X. Then RΓZ : D
b
qc(A )→ D
b
qc(A )
is an exact functor with respect to the t-structure SDbqc(A ).
Proof. It is already proved that RΓZ is left exact. Let us prove that it is right exact, i.e.
it sends SD60qc (A ) into itself.
We shall first prove it when Z is closed. We may assume that X is affine. Writing
Z = ∩ni=1f
−1
i (0) with fi ∈ Γ(X ;OX), and using RΓZ = RΓf−11 (0) ◦ RΓ∩i6=1f−1i (0), the
induction on n reduces to the case Z = f−1(0) for some f ∈ Γ(X ;OX). By devissage, it
is enough to prove that Supp(H kZ (F [−d])) ⊂ S
k for any k and F ∈ Modqc(A ) satisfying
Supp(F ) ⊂ Sd. Since H kZ commutes with filtrant inductive limits, we may assume that
F is coherent. Set S : = Supp(F ) ∈ Sd. One has H kZ (F ) = 0 for k 6= 0, 1. Since
H 0Z (F ) ⊂ F , one has Supp(H
0
Z (F )) ⊂ Supp(F ) ∈ S
d. We can divide S = S1 ∪ S2 with
closed subsets S1 and S2 such that S1 ⊂ f
−1(0) and codim(S2 ∩ f
−1(0)) > d. Then on
has Supp(H 1Z (F )) ⊂ S2 ∈ S
d+1.
For a locally closed Z, let us show RΓZ(M) ∈
SD60qc (A ) for any M ∈
SD60qc (A ).
Writing Z = Z1 \ Z2 with closed Z2 ⊂ Z1 ⊂ X , by the distinguished triangle
RΓZ2(M)→ RΓZ1(M)→ RΓZ(M)
+1
−−→,
the desired result RΓZ(M) ∈
SD60qc (A ) follows from RΓZ2(M)[1], RΓZ1(M) ∈
SD60qc (A ).

Proposition 4.2. Let j : U →֒ X be an open embedding. Then Rj∗ : D
b
qc(A |U)→ D
b
qc(A )
is exact with respect to the t-structures SDbqc(A ) and
SDbqc(A |U).
Proof. Since the left exactitude has been proved, let us show that Rj∗ sends
SD60qc (A |U) to
SD60qc (A ). Let us denote by
Sτ60 the truncation functor with respect to the t-structure
SDbqc(A ). For N ∈
SD60qc (A |U), one has j
−1(Sτ60Rj∗N) ≃ N , and hence Rj∗N ≃
RΓU(
Sτ60Rj∗N) belongs to
SD60qc (A ) by Proposition 4.1. 
In the rest of this section, we treat the case where A = OX . Set
SD60coh(OX) : =
SD60qc (OX) ∩ D
b
coh(OX) and
SD>0coh(OX) : =
SD>0qc (OX) ∩D
b
coh(OX) ,
and SDbcoh(OX) : =(
SD60coh(OX),
SD>0coh(OX)).
Proposition 4.3. (i) The pair SDbcoh(OX) is a t-structure on D
b
coh(OX).
(ii) The equivalence of triangulated categories
RHomOX (−,OX) : D
b
coh(OX)→ D
b
coh(OX)
op
sends (D60coh(OX),D
>0
coh(OX)) to (
SD>0coh(OX)
op,SD60coh(OX)
op).
Remark 4.4. In [6, Exercise X.2] and Theorem 5.9, more general results are given.
Proof. By Lemma 2.2, it is enough to show that the functor RHomOX (−,OX) sends
D60coh(OX) and D
>0
coh(OX) to
SD>0coh(OX) and
SD60coh(OX), respectively.
First assume that M ∈ D60coh(OX). Then one has
RΓSdRHomOX (M,OX) ≃ RHomOX (M,RΓSd(OX)).
Since RΓSd(OX) ∈ D
>d
qc (OX), one has RΓSdRHomOX (M,OX) ∈ D
>d
qc (OX).
Next assume M ∈ D>0coh(OX), and set S : = Supp(H
d(RHomOX (M,OX))). For x ∈
S, one has Hd(RHomOX (M,OX))x ≃ Ext
d
OX,x
(Mx,OX,x) 6= 0. Since the homological
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dimension of OX,x is equal to dimOX,x, one has d 6 dimOX,x. Hence one concludes that
S ∈ Sd. 
The category SD>0qc (OX) is described by a more familiar notion: flatness.
Definition 4.5. An object of Db(OX) is called with flat dimension 6 0 if it is isomorphic
to a bounded complex M• of flat OX-modules such that Mn = 0 for n < 0.
Proposition 4.6. For M ∈ Dbqc(OX), the following conditions are equivalent.
(i) M ∈ SD>0qc (OX).
(ii) M is of flat dimension 6 0.
(iii) For any coherent OX-module F , one has F
L
⊗OX M ∈ D
>0
qc (OX).
(iv) For any N ∈ D>0qc (OX), one has N
L
⊗OX M ∈ D
>0
qc (OX).
Proof. The equivalence (ii)—(iv) is more or less well-known.
(iv)⇒ (i) For every n > 0, one has RΓSn(OX) ∈ D
>n
qc (OX). Hence (iv) implies that
RΓSn(M) ≃ RΓSn(OX)
L
⊗OX M belongs to D
>n
qc (OX).
(i)⇒ (iii) For a coherent OX-module F , set N = RHomOX (F,OX) ∈
SD60qc (OX). Then
one has F
L
⊗OX M ≃ RHomOX (N,M) ∈ D
>0
qc (OX). 
Remark 4.7. Let Cqc : =SD60qc (OX)∩
SD>0qc (OX) be the heart of the t-structure
SDbqc(OX),
and let Ccoh : =Cqc∩Dbcoh(OX) be the heart of the t-structure
SDbcoh(OX). The abelian cat-
egory Ccoh is equivalent to Modcoh(OX)op. It is well-known that the category Modqc(OX)
is equivalent to the category Ind(Modcoh(OX)) of ind-objects of the category of coherent
modules. I conjecture that Cqc is equivalent to Ind(Ccoh) ≃
(
Pro(Modcoh(OX))
)op
. Here
Pro means the category of pro-objects.
5. t-structures on Dbcoh(O)
For a support datum Φ, one sets
ΦD60coh(OX) =
ΦD60qc (OX) ∩D
b
coh(OX) and
ΦD>0coh(OX) =
ΦD>0qc (OX) ∩ D
b
coh(OX),
and ΦDbcoh(OX) : =(
ΦD60coh(OX),
ΦD>0coh(OX)). As seen in the example below,
ΦDbcoh(OX)
is not necessarily a t-structure on Dbcoh(OX). In this section, we give a criterian for
ΦDbcoh(OX) to be a t-structure on D
b
coh(OX).
For an integer n and M ∈ Dbqc(A ), we denote by
ΦHn(M) ∈ ΦD60qc (A ) ∩
ΦD>0qc (A ) the
n-th cohomology with respect to the t-structure ΦDbqc(A ).
Example 5.1. Let k be a field, and A = k[x] with an indeterminate x. Let X = Spec(A)
be the line. Set
Φi =


S
0 for i 6 0,
S
1 for i = 1, 2,
{∅} for i > 3.
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Then, the corresponding t-structure on Dbqc(OX) is given by:
ΦD60qc (OX) =
{
M ∈ D62qc (OX) ;
Γ(X ;H1(M)) and Γ(X ;H2(M))
are torsion A-modules
}
,(5.1a)
ΦD>0qc (OX) =
{
M ∈ D>0qc (OX) ; RΓS1(M) ∈ D
>2
qc (OX)
}
.(5.1b)
Let C : = ΦD60qc (OX) ∩
ΦD>0qc (OX) be the heart of this t-structure. Since any object of
Dbqc(OX) has a form ⊕Mn[−n] with Mn ∈ Modqc(OX), one has
C = {L⊕M [−2] ; L is a vector space over k(x) and M is a torsion k[x]-module} .
Here and in the rest of this example, we confuse A-modules and quasi-coherent OX-
modules. Since HomC (L,M [−2]) = HomC (M [−2], L) = 0 for such an L and M , the
abelian category C is the direct sum of Mod(k(x)) and the abelian category Modtor(k[x])
of torsion k[x]-modules.
Let K ∈ Mod(OX) be the sheaf of rational functions. Then K and (K/OX)[−2] belong
to C . Hence the distinguished triangle
(K/OX)[−2][1]→ OX → K
+1
−−→
implies
ΦHn(OX) =


(K/OX)[−2] for n = −1,
K for n = 0,
0 for n 6= −1, 0.
Hence, (ΦD60qc (OX) ∩ D
b
coh(OX),
ΦD>0qc (OX) ∩D
b
coh(OX)) is not a t-structure on D
b
coh(OX).
The categories Db(C ) and Dbqc(OX) are not equivalent as categories. Indeed, the object
K ∈ C ⊂ Db(C ) is a non-zero object of Db(C ) such that any non-zero morphism W → K
in Db(C ) has a section. However there is no object of Dbqc(OX) with such properties. If
M ∈ Dbqc(OX) has such properties, then, since HomDbqc(OX )(OX [n],M) 6= 0 for some n, M
must be a direct summand of OX [n]. Since EndDbqc(OX)(OX [n]) ≃ k[x] does not have a
non trivial idempotent, M must be isomorphic to OX [n]. However, x : OX [n]→ OX [n] is
a non-zero morphism but not an epimorphism.
In [7], Y. T. Siu and G. Trautmann studied the vanishing and the coherency of local
cohomologies. Although they discussed in the analytic framework, their main results, in
our context, may be stated as follows. Let M ∈ Modcoh(OX), Z a closed subset of X and
n an integer. Then one has
(i) H kZ (M) = 0 for any k < n
⇐⇒ codim
(
Z ∩ Supp(E xtkOX (M,OX))
)
> k + n for any k.
(ii) H kZ (M) is coherent for any k < n
⇐⇒ codim
(
Z ∩ Supp(E xtkOX (M,OX)) ∩ (X \ Z)
)
> k + n for any k.
We shall generalize these statements to the derived category case.
We keep the notation: X is a finite-dimensional regular Noetherian separated scheme.
For M ∈ Dbcoh(OX), let us denote by M
∗ its dual: M∗ : =RHomOX (M,OX).
Proposition 5.2. Let M ∈ Dbcoh(OX).
(i) For an integer n and a closed subset Z of X, RΓZ(M) ∈ D
>n
qc (OX) if and only if
codim
(
Z ∩ Supp(Hk(M∗)
)
> k + n for any k.
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(ii) For an integer n and a family of supports Φ, RΓΦ(M) ∈ D
>n
qc (OX) if and only if
Φ ∩ Supp(Hk(M∗)) ⊂ Sk+n for every k.
Proof. (ii) is a consequence of (i). Let us show (i). RΓZ(M) ∈ D
>n
qc (OX) if and only if
RHom(F,M) ∈ D>ncoh(OX)(5.2)
for any F ∈ Modcoh(OX) with Supp(F ) ⊂ Z. Since
(
RHom(F,M)
)∗
= F
L
⊗OX M
∗, (5.2)
is equivalent to Supp(Hk(F
L
⊗OX M
∗)) ⊂ Sk+n for every k by Proposition 4.3 (ii). The
last condition is equivalent to Z ∩ Supp(Hk(M∗)) ⊂ Sk+n by the lemma below. 
Lemma 5.3. Let M ∈ Dbcoh(OX) and Z, S closed subsets. Then the following conditions
are equivalent.
(i) Z ∩ Supp(τ>0M) ⊂ S.
(ii) Supp(τ>0(F
L
⊗OX M)) ⊂ S for any F ∈ Modcoh(OX) with Supp(F ) ⊂ Z.
Proof. (i)⇒(ii) For k > 0, an exact sequence Hk(F
L
⊗OX τ
<kM) → Hk(F
L
⊗OX M) →
Hk(F
L
⊗OX τ
>kM) and Hk(F
L
⊗OX τ
<kM) = 0 implies
Supp(Hk(F
L
⊗OX M)) ⊂ Supp(H
k(F
L
⊗OX τ
>kM) ⊂ Supp(F ) ∩ Supp(τ>kM) ⊂ S.
(ii)⇒(i) Let x ∈ Z ∩ Supp(τ>0M). Take the largest k > 0 such that x ∈ Supp(Hk(M)).
If one chooses a coherent OX-module F with Supp(F ) = Z, then Fx 6= 0 andHk(M)x 6= 0,
which implies that Fx ⊗OX,x H
k(M)x 6= 0. On the other hand, one has
Hk(F
L
⊗OX M)x ≃ H
k(Fx
L
⊗OX,x Mx) ≃ Fx ⊗OX,x H
k(M)x.
Hence one obtains x ∈ Supp(Hk(F
L
⊗OX M)) ⊂ S. 
Proposition 5.4. Let M ∈ Dbcoh(OX), Φ a family of supports and n an integer. Then,
τ<n(RΓΦ(M)) ∈ D
b
coh(OX) if and only if Supp(H
k(M∗)) ⊂ Φ ∪Ψk+n for any k. Here Ψk
is the family of supports consisting of closed subsets Z such that Φ ∩ Z ⊂ Sk.
Proof. Assume first M ′ : = τ<n(RΓΦ(M)) ∈ D
b
coh(OX). Let us complete the morphism
M ′ → M to a distinguished triangle M ′ → M → M ′′
+1
−−→. Since one has RΓΦ(M
′′) ∈
D>nqc (OX), Proposition 5.2 implies that Supp(H
k(M ′′∗)) ⊂ Ψk+n for every k. The distin-
guished triangleM ′′∗ → M∗ →M ′∗
+1
−−→ implies that Supp(Hk(M∗)) ⊂ Supp(Hk(M ′∗))∪
Supp(Hk(M ′′∗)). Since Supp(Hk(M ′∗)) ⊂ Φ and Supp(Hk(M ′′∗)) ⊂ Ψk+n, we obtain
Supp(Hk(M∗)) ⊂ Φ ∪Ψk+n.
Conversely, assuming that Supp(Hk(M∗)) ⊂ Φ ∪ Ψk+n for every k, we shall prove
τ<n(RΓΦ(M)) ∈ D
b
coh(OX). By devissage, one may assume that M
∗ = F [−k] for F ∈
Modcoh(OX) with Supp(F ) ⊂ Φ∪Ψk+n. Then there is an exact sequence 0→ F ′ → F →
F ′′ → 0 with F ′, F ′′ ∈ Modcoh(OX) sucth that Supp(F ′) ⊂ Ψk+n and Supp(F ′′) ⊂ Φ. Set
M ′ : =(F ′[−k])∗ and M ′′ : =(F ′′[−k])∗. Then RΓΦ(M
′) ∈ D>nqc (OX) by Proposition 5.2.
Since RΓΦ(M
′′) ≃M ′′, one has a distingushed triangle M ′′ → RΓΦ(M)→ RΓΦ(M
′)
+1
−−→.
Since τ<nRΓΦ(M
′) = 0, one has τ<nRΓΦ(M) ≃ τ
<nM ′′ ∈ Dbcoh(OX). 
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It is sometimes convenient to use Z-valued functions on X instead of support data.
We say that a bounded Z-valued function p on X is a supporting function if p(y) > p(x)
whenever y ∈ {x}.
Lemma 5.5. By the following correspondence, the set of support data is isomorphic to the
set of supporting functions. To a support datum Φ, one associates the supporting function
pΦ given by pΦ(x) : =max
{
n ∈ Z ; {x} ∈ Φn
}
.
Conversely, to a supporting function p on X, one associates the support datum Φp given
by Φnp = {Z ; Z is a closed subset such that p(z) > n for any z ∈ Z}.
This lemma immediately follows from the fact that any closed subset is a union of
finitely many irreducible closed subsets and that any irreducible subset has a generic
point.
One has
pT(x) = 0,
pS(x) = codim({x}) = dim(OX,x),
pσ6nΦ(x) = min(pΦ(x), n),
pΦ∩Ψ(x) = min(pΦ(x), pΨ(x)),
pΦ∪Ψ(x) = max(pΦ(x), pΨ(x)).
For two support data Φ and Ψ, we define the support datum Φ ◦Ψ by
(Φ ◦Ψ)n =
⋃
n=i+j
(Φi ∩Ψj)(5.3)
Note that ◦ is commutative and associative, and T is the unit with respect to ◦: T◦Φ =
Φ for every Φ.
The following lemma is obvious.
Lemma 5.6. Let Φ and Ψ be support data.
(i) one has ⋃
n=i+j
(Φi ∩Ψj) =
⋂
n+1=i+j
(Φi ∪Ψj).
(ii) Let Z be an irreducible closed subset of X such that Z ∈ Φa and Z 6∈ Φa+1. Then
Z ∈ Ψb if and only if Z ∈ (Φ ◦Ψ)a+b.
(iii) pΦ◦Ψ(x) = pΦ(x) + pΨ(x) for any x ∈ X.
Proof. (iii) is obvious. Let us show (i) and (ii). The inclusion
⋃
n=i+j(Φ
i ∩ Ψj) ⊂⋂
n+1=i+j(Φ
i ∪Ψj) is obvious. Hence it is enough to show that for any irreducible closed
subset Z, the conditions Z ∈ Φa, Z 6∈ Φa+1 and Z ∈
⋂
a+b+1=i+j(Φ
i ∪Ψj) imply Z ∈ Ψb.
Since Z ∈ Φa+1 ∪Ψb, one obtains Z ∈ Ψb. 
Lemma 5.7. Let Φ, Ψ1 and Ψ2 be three support data.
(i) Φ ◦ (Ψ1 ∩Ψ2) = (Φ ◦Ψ1) ∩ (Φ ◦Ψ2) and Φ ◦ (Ψ1 ∪Ψ2) = (Φ ◦Ψ1) ∪ (Φ ◦Ψ2).
(ii) If Φ ◦Ψ1 ⊂ Φ ◦Ψ2, then one has Ψ1 ⊂ Ψ2.
(iii) If Φ ◦Ψ1 = Φ ◦Ψ2, then one has Ψ1 = Ψ2.
Proof. (i) is obvious. (ii) follows from Lemma 5.6 (iii), since Ψ1 ⊂ Ψ2 if and only if
pΨ1(x) 6 pΨ2(x) for every x ∈ X . (iii) is an immediate consequence of (ii). 
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Lemma 5.8. Let Φ and Θ be a pair of support data. For an integer a, set
Ψn : =
{
Z ; Z is a closed subset such that Φk ∩ Z ⊂ Θk+n for every k
}
,
(Ψa)
n : =
{
Z ; Z is a closed subset such that Φk ∩ Z ⊂ Θk+n for every k 6 a
}
= {Z ∈ (Ψa−1)
n ; Φa ∩ Z ⊂ Θa+n} .
and Ψ :={Ψn}n∈Z, Ψa : ={Ψ
n
a}n∈Z.
(i) Ψ and Ψa are support data, and pΨ(x) = min
{
pΘ(y)− pΦ(y) ; y ∈ {x}
}
.
(ii) If a support datum Ψ′ satisfies Φ ◦Ψ′ = Θ, then Ψ′ = Ψ.
(iii) There exists a support datum Ψ′ such that Φ ◦ Ψ′ = Θ if and only if 0 6 pΦ(y)−
pΦ(x) 6 pΘ(y)− pΘ(x) whenever y ∈ {x}.
(iv) If Φ ◦Ψ = Θ, then one has (σ6aΦ) ◦Ψa = Θ for every integer a.
(v) Assume that Φ ◦Ψ = Θ. Then one has (Ψa−1)
n ⊂ Φa ∪Ψn for every n.
(vi) Assume that (Ψa−1)
n ⊂ Φa ∪ (Ψa)
n for every a and n. Then Φ ◦Ψ = Θ.
Proof. (i) is obvious.
(ii) One has Ψ′ ⊂ Ψ and Φ ◦Ψ ⊂ Θ. Hence
Θ = Φ ◦Ψ′ ⊂ Φ ◦Ψ ⊂ Θ.
Hence Φ ◦Ψ′ = Φ ◦Ψ and Lemma 5.7 (iii) implies Ψ′ = Ψ.
(iii) is obvious.
(iv) We shall apply (iii) and (ii). If y ∈ {x}, then one has
pσ6aΦ(y)− pσ6aΦ(x) = min(pΦ(y), a)−min(pΦ(x), a) 6 pΦ(y)− pΦ(x) 6 pΘ(y)− pΘ(x).
Here the first inequality follows from pΦ(y) > pΦ(x).
(v) Let Z ∈ (Ψa−1)
n be an irreducible closed subset. We shall show that if Z 6∈ Φa, then
Z ∈ Ψn. Let us take an integer i such that Z ∈ Φi and Z 6∈ Φi+1. Then one has i < a.
Since Z ∈ (Ψa−1)
n, one has Z = Φi ∩ Z ⊂ Θi+n = (Φ ◦Ψ)i+n. Hence Z ∈ Ψn.
(vi) Let Z ∈ Θn be an irreducible closed subset. Let us show Z ∈ (Φ ◦ Ψ)n. Take an
integer i such that Z ∈ Φi and Z 6∈ Φi+1. Let us show Z ∈ Ψn−i. Since Ψa = Ψ for
a ≫ 0, it is enough to show Z ∈ (Ψa)
n−i for every a. We shall show it by the induction
on a. It is obvious that Z ∈ (Ψa)
n−i for a ≪ 0. Assuming that Z ∈ (Ψa−1)
n−i, let us
show Z ∈ (Ψa)
n−i. Since Z ∈ (Ψa−1)
n−i ⊂ Φa ∪ (Ψa)
n−i, we may assume that Z ∈ Φa,
which implies a 6 i. Therefore one has Φa ∩ Z = Z ∈ Θn ⊂ Θn−i+a. Together with
Z ∈ (Ψa−1)
n−i, one obtains Z ∈ (Ψa)
n−i. 
For a support datum Φ, let Φ∗ denote the support datum given by
Φ∗
n : =
{
Z ; Z is a closed subset such that Z ∩ Φk ⊂ Sn+k for every k
}
.(5.4)
Now we are ready to give a criterian for ΦDbcoh(OX) to be a t-structure, which is a
generalization of [6, Exercise X.2].
Theorem 5.9. Let Φ be a support datum. Then the following conditions are equivalent.
(i) ΦDbcoh(OX) is a t-structure.
(ii) For any irreducible closed subsets Z and S such that S ⊂ Z and S ∈ Φk, one has
Z ∈ Φk+codim(Z)−codim(S). In terms of supporting functions, one has
pΦ(y)− pΦ(x) 6 codim({y})− codim({x}) = dim(OX,y)− dim(OX,x) if y ∈ {x}.
(iii) Φ ◦ Φ∗ = S.
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(iv) There exists a support datum Ψ such that Φ ◦Ψ = S.
(v) (σ<nΦ)k∗ ⊂ Φ
n ∪ (σ6nΦ)∗
k for every n and every k.
Moreover if these conditions are satisfied, the equivalence
RHom OX(−,OX) : D
b
coh(OX)
∼
−→Dbcoh(OX)
op
sends the t-structure ΦDbcoh(OX) to
Φ∗Dbcoh(OX)
op.
Proof. The last statement easily follows from Proposition 5.2. The equivalence of (ii)—(v)
is already shown.
Let us show (v)⇒ (i). The proof is similar to the one of Theorem 3.5. It is enough to
show that any M ∈ Dbcoh(OX) satisfies the following property:
There exists a distinguished triangle M ′ → M → M ′′
+1
−−→ with
M ′ ∈ ΦD<0coh(OX) and M
′′ ∈ ΦD>0coh(OX).
(5.5)
For n ∈ Z, let us consider the following statement:
(5.5)n The property (5.5) holds if M ∈ σ
6nΦD>0coh(OX).
We shall prove (5.5)n by assuming (5.5)n+1. Let us consider a distinguished triangle
τ6nRΓΦn+1(M)→M →M
′′ +1−−→ .
In the course of the proof of Theorem 3.5, we have proved that τ6nRΓΦn+1(M) =
H nΦn+1(M)[−n] ∈
ΦD<0qc (OX) and M
′′ ∈ σ
6n+1ΦD>0qc (OX). Hence it is enough to show
that H nΦn+1(M) is coherent. Since H
i
Φk
(M) = 0 for i < k 6 n, Proposition 5.2 implies
that Supp(H i(M∗)) ∩ Φk ⊂ Sk+i for every k 6 n and i. Hence one has Supp(H i(M∗)) ∈
(σ6nΦ)∗
i for every i. Since (σ6nΦ)∗
i ⊂ Φn+1 ∪ (σ6n+1Φ)∗
i, Proposition 5.4 implies that
H iΦn+1(M) is coherent for every i < n+ 1.
Let us show that (i) implies (ii). In order to see this, it is enough to show that the
following situation cannot happen:
Z is an irreducible closed subset of X and S is an irreducible closed subset of Z
with codimension 1 such that Z ∈ Φa, Z 6∈ Φa+1 and S ∈ Φb with b > a+ 1.
Set M = OZ [−a] ∈ ΦD
60
coh(OX). Here OZ is the structure sheaf of Z endowed with the
reduced scheme structure. Let
M ′ →M →M ′′
+1
−−→
be a distinguished triangle with M ′ ∈ ΦD<0coh(OX) and M
′′ ∈ ΦD>0coh(OX). Then one has
Supp(M ′′) ⊂ Z, and hence M ′′ = RΓΦa(M
′′) ∈ D>acoh(OX), which implies M
′ ∈ D>acoh(OX).
The exact sequence 0 → Ha(M ′) → OZ , along with Supp(Ha(M ′)) ∈ Φa+1, implies that
Ha(M ′) = 0. Hence one has M ′ ∈ D>acoh(OX). On the other hand, one has the exact
sequence
H a+1S (M
′)→ H a+1S (M)→ H
a+1
S (M
′′).
Since RΓS(M
′′) ∈ D>bqc (OX), one has H
a+1
S (M
′′) = 0. Since M ′ ∈ D>acoh(OX), one has
H a+1S (M
′) = ΓS(H
a+1(M ′)), which is a coherent OX-module. Hence H
a+1
S (M) =
H 1S (OZ) is a coherent OX-module. This is a contradiction. The last step follows from
either Proposition 5.4 or the following easy lemma, whose proof is omitted. 
Lemma 5.10. Let A be a 1-dimensional Noetherian local ring with a maximal ideal m.
Then H1
m
(A) is not a finitely generated A-module.
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6. t-structure on Dbqc(DX) and D
b
hol(DX)
In the sequel, we shall treat the case A = D . Let X be an algebraic manifold over
a field k of characteristic 0, i.e. a quasi-compact separated scheme smooth over k. Let
DX be the sheaf of differential operators on X . Let us denote by Dbqc(DX) the derived
category of bounded complexes of DX-modules with quasi-coherent cohomologies. Let
us denote by Dbcoh(DX), D
b
hol(DX), D
b
rh(DX) the full subcategories of D
b
qc(DX) consisting
of bounded complexes with coherent, holonomic, regular holonomic DX -modules as co-
homologies, respectively. For a morphism f : X → Y of algebraic manifolds, we denote
by D f ∗ : Dbqc(DY )→ D
b
qc(DX) and D f∗ : D
b
qc(DX) → D
b
qc(DY ) the inverse image and the
direct image functors (see e.g. [5]). Note that they respect Dbhol and D
b
rh.
Let us define a t-structure on Dbqc(DX) as follows.
SD60qc (DX) =
{
M ∈ Dbqc(DX) ; Supp(H
n(M)) ⊂ Sn for every n
}
,
SD>0qc (DX) =
{
M ∈ Dbqc(DX) ; RΓSn(M) ∈ D
>n
qc (DX) for every n
}
.
(6.1)
It is indeed a t-structure by Theorem 3.5. Let Cqc = SD60qc (DX)∩
SD>0qc (DX) be its heart.
We note that
(
SD60qc (DX) ∩ D
b
coh(DX),
SD>0qc (DX) ∩ D
b
coh(DX)
)
is not a t-structure on
Dbcoh(DX) (when dimX > 1), as seen in the following example.
Example 6.1. Set X = Spec(C[x, y]) and Y = Spec(C[t]) with indeterminates x, y and
t. Set t = f(x, y) : =xy : X → Y . Set M : =DX/DX(x∂x−y∂y) and N : =Df . Note that
N ≃ OX ⊗OY DY = ⊕
∞
n=0OXvn with vn = 1X→Y ⊗ ∂
n
t as an OX-module. The defining
relations of {vn}n∈Z>0 as a DX-module are
∂xvn = yvn+1 and ∂yvn = xvn+1.
Hence N ∈ Cqc. One has a morphism M → N by 1modDX(x∂x − y∂y) 7→ v0. Set
E = C⊕Z>0 = ⊕
n∈Z>0
Cwn. Then one has B{0}|X⊗CE[−2] ∈ Cqc. There is an exact sequence
0→ M → N
g
−→ B{0}|X ⊗C E → 0
in Mod(DX). Here g is given by
g(vn) =
∑
16k6n
(−1)n−k
1
(n− k)!
(∂x∂y)
n−kδ ⊗ wk ,
where δ ∈ B{0}|X is the generator with the defining relations xδ = yδ = 0. Hence one has
a distinguished triangle B{0}|X ⊗C E[−2][1]→ M → N
+1
−−→ . Thus we obtain
SHn(M ) =


B{0}|X ⊗C E[−2] for n = −1,
N for n = 0,
0 for n 6= −1, 0.
Since B{0}|X ⊗CE is not coherent,
(
SD60qc (DX)∩D
b
coh(DX),
SD>0qc (DX)∩D
b
coh(DX)
)
is not
a t-structure on Dbcoh(DX). Note that one has H
0
S1
(M ) = 0 and H 1
S2
(M ) ≃ B{0}|X⊗CE.
Let us denote by SD60hol(DX) : =
SD60qc (DX) ∩D
b
hol(DX) and
SD>0hol(DX) : =
SD>0qc (DX) ∩
Dbhol(DX). Similarly we define
SD60rh (DX) and
SD>0rh (DX).
Theorem 6.2. (SD60hol(DX),
SD>0hol(DX)) and (
SD60rh (DX),
SD>0rh (DX)) are a t-structure on
Dbhol(DX) and D
b
rh(DX), respectively.
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Proof. In order to show that (SD60hol(DX),
SD>0hol(DX)) is a t-structure on D
b
hol(DX), it is
enough to show that, for any any M ∈ Dbhol(DX), there exists a distinguished triangle
M ′ → M → M ′′
+1
−−→ with M ′ ∈ SD<0hol(DX) and M
′′ ∈ SD>0hol(DX).
Let us show this by the induction on the codimension d of S : = Supp(M ). One has
τ<dM ∈ SD<0hol(DX). By the distinguished triangle τ
<dM → M → τ>dM
+1
−−→, we may
assume that M ≃ τ>dM by Lemma 2.1.
Let S0 be a d-codimensional smooth open subset of S such that S1 : =S \ S0 is of
codimension > d. Set U : =X \S1. Then one has S0 = U∩S. Let j : U →֒ X and i : S0 →֒
U be the open embedding and the closed embedding, respectively. Then there exists
N ∈ D>dhol(DS0) such that M |U is isomorphic to D i∗N . By shrinking S0 if necessary,
we may assume that the cohomologies of N are locally free OS0-modules. Hence D i∗N
belongs to SD>0hol(DU ). Hence M
′′ : =Rj∗D i∗N belongs to SD
>0
hol(DX) by Lemma 3.7.
Let us consider a distinguished triangle
M ′ → M → M ′′
+1
−−→ .
Since Supp(M ′) ⊂ S1, the codimension of Supp(M ′) is greater than d. Then the induction
proceeds by Lemma 2.1.
The regular holonomic case is proved similarly, because the regular holonomicity is also
preserved by the direct image functors. 
Remark 6.3. By Proposition 3.8, U 7→ SD60∗ (DU)∩
SD>0∗ (DU) is a stack on X for ∗ = qc,
hol, rh.
For a closed point x ∈ X , let us denote by Bx|X the regular holonomic DX -module
H dimX{x} (OX).
Proposition 6.4. For M ∈ Dbhol(DX), the following conditions are equivalent.
(i) M ∈ SD>0hol(DX).
(ii) M is of flat dimension 6 0 as a complex of OX-modules.
(iii) For any closed subset Z of X, one has H iZ(M ) = 0 for any i < codimZ.
(iv) For any locally closed subset Z of X, one has H iZ(M ) = 0 for any i < codimZ.
(v) ExtiDX (Bx|X ,M ) = 0 for any closed point x ∈ X and i < dimX.
(vi) H i(kx
L
⊗OX M ) = 0 for any closed point x ∈ X and i < 0. Here kx is the sheaf
OX/mx with the ideal mx of functions vanishing at x.
Proof. The equivalence of (i)—(iv) are evident. Since RHomDX (Bx|X ,M ) ≃ kx
L
⊗OX
M [− dimX ], the implication (i)⇒ (v) and the equivalence (v)⇔(vi) are evident.
It remains to prove (vi)⇒ (i). Let us assume that M satisfies (vi). Let us show
M ∈ SD>0hol(DX) by the induction on the codimension d of S : = Supp(M ). Let S0 be a
d-codimensional smooth open subset of S such that S1 : =S\S0 is of codimension > d. Let
i : S0 → X be the inclusion. Then there exists N ∈ Dbhol(DS0) such that M is isomorphic
to D i∗N on a neighborhood of S0. By shrinking S0 if necessary, we may assume that the
cohomologies of N are locally free OS0-modules. Then kx ⊗OS0 N ≃ kx ⊗OX M [d], and
hence one has Hk(N )x = 0 for any k < d and any closed point x of S0. Therefore, N ∈
D>d(DS0) and M
′′ : =D i∗N ≃ RΓS0M belongs to
SD>0hol(DX). Consider a distinguished
triangle
M ′ → M → M ′′
+1
−−→ .
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The exact sequence Hk−1(kx
L
⊗OX M
′′) → Hk(kx
L
⊗OX M
′) → Hk(kx
L
⊗OX M ) implies
that Hk(kx
L
⊗OX M
′) = 0 for k < 0. Since codimSupp(M ′) > d, the induction hypothesis
implies that M ′ ∈ SD>0hol(DX). Hence one concludes that M ∈
SD>0hol(DX). 
Let us assume that the base field k is the complex number field C, and let us denote by
Xan the associated complex manifold. Let us denote by D
b
c (CXan) the derived category of
bounded complexes of CXan-modules with constructible cohomologies.
Theorem 6.5. The equivalence of triangulated categories
SolX : =RHomDX (−,OXan) : D
b
rh(DX)
∼
−→Dbc (CXan)
op
sends the t-structure (SD60rh (DX),
SD>0rh (DX)) to (D
>0
c (CXan)
op,D60c (CXan)
op).
Proof. Since RHomDX (−,OXan) is an equivalence of triangulated categories, it is enough
to show that M ∈ Dbrh(DX) belongs to
SD>0rh (DX) if and only if RHomDX (M ,OXan)
belongs to D60c (CXan). This immediately follows from Proposition 6.4 and
RHomDX (M ,OXan)x ≃ HomC(Cx ⊗OX M ,C).

7. Proof of Lemma 3.1
In this section, we give a proof of Lemma 3.1.
Lemma 7.1. Let M be a coherent A -module, and N a (not necessarily coherent) A -
submodule of M , and Z a closed subset of X. Then, for the generic point ξ of any
irreducible component of Z, there exist a coherent A -submodule L of M and an open
neighborhood U of ξ such that
N |U = (NX\Z + L )|U .
Proof. Assume first that X is affine. Set R = OX(X), A = A (X), M = M (X). Let
L ⊂ M be the inverse image of Nξ by the morphism M → Mξ. Then L is a finitely
generated A-module. Let L be the coherent A -module associated with L: L : =A ⊗A
L ≃ OX ⊗R L. Then one has Nξ = Lξ. Hence there exists an open neighborhood U of
ξ such that L |U ⊂ N |U . We may assume further that U ∩ Z = U ∩ {ξ}. Let us show
that N |U = (NX\Z + L )|U . It is evident that the last member is contained in the first.
We shall prove the opposite inclusion. Let V be an affine open subset contained in U .
Then M (V ) = OX(V ) ⊗R M . Let NV be the inverse image of N (V ) by the morphism
M → M (V ). Then one has N (V ) = OX(V )⊗R NV .
Assume first ξ ∈ V . Then by the commutative diagram
NV −−−→ N (V ) −−−→ Nξy y y
M −−−→ M (V ) −−−→ Mξ
NV is contained in L. Hence N (V ) ≃ OX(V ) ⊗R NV ⊂ OX(V ) ⊗R L ≃ L (V ). If ξ is
not contained in V , then one has V ⊂ X \Z, and hence N (V ) ⊂ (NX\Z)(V ). Hence one
obtains N |U ⊂ (NX\Z + L )|U .
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In the general case, let us take an affine open subset W of X containing ξ. Then it
is enough to remark that any coherent A |W -submodule of M |W can be extended to a
coherent A -submodule of M . Note that a quasi-coherent A -submodule of a coherent
A -module is coherent. 
The next lemma is not used in this paper.
Lemma 7.2. Let M be a coherent A -module, and N a (not necessarily coherent) A -
submodule of M . Then, there exist finite families of open subsets Ui of X and coherent
A -submodules Mi of M such that
N =
∑
i
(Mi)Ui .
Proof. LetW be the set of open subsetsW ofX such that there exist finite families of open
subsets Ui of W and coherent A -submodules Mi of M such that N |W = (
∑
i(Mi)Ui)|W .
Since X is Noetherian, W has a maximal element. Let W be such a maximal element.
Assuming that W 6= X , let us derive a contradiction. Let ξ be the generic point of an
irreducible component of X \W . Then by Lemma 7.1, there exist an open neighborhood
U of ξ and a coherent A -submodule L such that N |U = (NW + L )|U . Hence one has
N |W∪U =
(∑
i(Mi)Ui + LU
)
|W∪U . This contradicts the choice of W . 
The following lemma, an analogue of [2], is a corollary of Lemma 7.1,
Lemma 7.3. Let M be an A -module. Then the following conditions are equivalent.
(i) M is an injective A -module.
(ii) For any coherent A -module F , one has E xt1A (F ,M ) = 0 and HomA (F ,M ) is
a flabby sheaf.
Proof. (i)⇒(ii) is well-known. Let us show (ii)⇒(i). In order to see that M is injective,
it is enough to show that for any left ideal I of A with J 6= A and a morphism
ϕ : I → M , there exists a left ideal I ′ strictly containing I such that ϕ extends to a
morphism I ′ → M . Let Z = Supp(A /I ) 6= ∅, and let ξ be the generic point of an
irreducible component of Z. Then by Lemma 7.1, there exist a neighborhood U of ξ and
a coherent left ideal J of A such that I |U = (AX\Z + J )|U . Set I ′ = I + AU 6= I .
The exact sequence 0→ I → I ′ → (A /J )Z∩U → 0 induces an exact sequence
HomA (I
′,M )→ HomA (I ,M )→ Ext
1
A ((A /J )Z∩U ,M ).
Here the last term vanishes by the assumptions:
Ext1A ((A /J )Z∩U ,M ) = H
1
Z∩U(U ; RHomA (A /J ,M ))
= H1Z∩U(U ;HomA (A /J ,M )) = 0.
Therefore, the morphism ϕ : I → M extends to a morphism I ′ → M . 
Proof of Lemma 3.1. Let {Mi}i∈I be a filtrant inductive family of injective A -modules,
and M = lim−→
i
Mi. For any coherent A -module F , one has
E xtkA (F ,M ) ≃ lim−→
i
E xtkA (F ,Mi),
and the condition (ii) in the lemma above is satisfied. Note that any filtrant inductive
limit of flabby sheaves on a Noetherian scheme is flabby. 
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Remark 7.4. Let M , N be coherent A -modules, and Z a closed subset of X . When
A is commutative, an injective object of Modqc(A ) is an injective object of Mod(A ),
and HomDbqc(A )(M ,RΓZ(N )[n]) is calculated by H
n(HomA (M ,ΓZ(I •))) for an injective
resolution I • of N in Modqc(A ). But it is not true in general. Any injective object of
Modqc(A ) is a flabby sheaf (cf. Reamark 3.2), and ΓZ(I •) certainly calculates RΓZ(N ).
But I • is not necessarily a complex of injective objects of Mod(A ), and the functor ΓZ
does not send injective objects of Modqc(A ) to injective objects of Modqc(A ).
For example, take X = Spec(C[x]), A = DX and M = DX/DX∂x, Z = {0}. Then one
has by Hilbert’s Nullstellensatz
HomA (M ,ΓZ(N )) ≃ lim−→
n>0
HomA (DX/(DX∂x + DXx
n),N ) = 0
for any N ∈ Modqc(A ), but one has HomDbqc(A )(M ,RΓZ(M )[2]) ≃ C.
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